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We presenttwo musical problemswhich areinterestingexamplesof musical CPs. The first one deals
with harp music from Nzakarapeople of Central African Republic, where canon structureshave been
discovered. The computation of such structures is a critical problem for constraint solvers in thieesense
thereare no exactsolutions, the only possibleway to solve the problem being to acceptapproximate
solutions. The second problem deals with the analysis of Ligeti's texturea.Hind of variationon the
classical "choral harmonization problem" whishto someextentadaptedo the atonalmusic of Ligeti.
But unlike the choral harmonization problem where a great amount of solutions frambghe Ligeti's
problem is critical in the sense that it has only very few solutions. Forthesereal musical problems,
we mainly use an adaptive solver belonging to the family of local seagtthodsand developecat Ircam,
which seemso be quite efficient. For a descriptionon the solver, see (Codognet2000) or (Truchet,
Assayag, Codognet 2001). It works by successigovementof aninitial configuration.We canalso.
For this algorithm, a constraintC is written as a cost-functionf., with f.(V) =0 < C(V)for an

instanciation V, and the algorithm minimizes the sum ofdb&-functionsThus, it allows to dealwith
approached solutions and display the intermediate solutions if needed.

1. Nzakara harp

This problem has been formulated by Marc Chemillier (Chemillier 1995). One of its interesting
properties is that it has no exact solutions because of two conflicting constraints. Ttetgaainstruct
a sequenc®f n bichords,eachbichordin a domainof size5. In midi values,the allowed bichordsare
(60,64),(60,67),(62,67),(62,70), (64,70). The first constraintC1 statesthat the lower voice of the
sequence reproduces the upper voice (apart &rtransposition) with a time gapof p (n andp arefixed
integer). Formally, we have a transposition-like functidrich maps60 to 64, 62 to 67, and64 to 67.
For every k < n, the lower note of the (k+p)-th bich@dhe transpositionof the uppernote of the k-th
bichord. The second constraint C2 is to avoid trivial sequences such as (aaa..abrddb.). It can
be written as bichord (k+p) # bichordk andbichord (k+1) # bichord k (the Nzakaranever repeata
bichord). Notice that the two constraints are antagonistic. An example is shownlfigtine five strings
of the harp are represented graphicatyhorizontallines, and mappedto the midi codes60, 62, 64, 67,
70 (approximately a scale played by Nzakara musicians).

Figure 1. The lower voice reproduces the upper voice with a time gap and a translation (n = 10, p = 4).

In the original Nzakara harp repertoire, one fiad different valuesfor integersn andp (respectivelythe

total length of the repeated sequence theddistanceof the canon).Sequencesvith n = 10, p = 4 (asin

figure 1) and n = 20, p = 4 belong to the category caltgahkia. 8quences with n = 3@ = 6 belongto

the category calletimanza(figure 2 below). These sequences are playedtasatq eachpieceof Nzakara
poetry being sung with the accompagnimenswéhformula playedon the harp. The categoriemgbakia
andlimanza alsoreferto traditionaldancesthe harp formulasbeing adaptedrom rhythms and musical
elements borrowed from the dance-repertoire played on the portable xylophbaa&larm. One canheard
some of these sequences on the two CDs mentionned in the references below.
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Figure 2. A limanzasequence with n = 30, p = 6.

There are some errors regarding the canon structure in the sequence repredeyuesiyra few bichords
having their lower note outside the lower broken line (exactly 6 bichords).has ieensaid previously,
thereis no way to avoid errorsbecausef incompatibleconstraints By formalizing the constructionof
Nzakaracanons,one can calculatethe minimal numberof such errors. As shown on figure 3 below,
couplesof strings pluckedsimultaneouslyare placedin a very regularmanner.Bichords separatedby p
positions always appear in the same order A B C D Hptler voice reproducingthe melodic ascending
motion of the upper voice with a shift of one positierceptedat the end of the sequencavhereit goes
backto the beginningand breaksthe orderedstructure.At this endingpoint, thereis exactly one error
regarding the canon constraint. Thnstructionleadsus to a propertywhich canbe statedas follows :
the number of errors in a Nzakara canisnat leastgcd(n,p)wheren is the length of the sequenceand p
the distance of the canon.
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Figure 3. Ordered five bichord sequence.

An algorithm is describedh (Chemillier 1995)to computeall the canonsconstructedvith the minimal
number of errors. In the case n = 10, g,=a surprisingresultis obtained,asthereis only one solution
with the minimal numberof error (which is this caseis two). This unique solution is the Nzakara
sequence which was shown on figure 1. Another sequence with values n = 40;gm be obtainedwith
only two errors in the canon structure. But this sequence is "degenerated" in the sense thepiétittoa
of two equal shorter subsequences. Bafthesesequencegthe Nzakaraone andthe degeneratedne) are
computed by the adaptive solver, as shown on figufiehd.computationtime is very short (0,3 seconds
on a Mac G4 on an average of ten runs).
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Figure 4. Two sequences with two errors (n = 10, p = 4).

The interest of adaptive search in this case is thus to get approximate solutions. B8Rtisisowsalso
the utility of weighing the constraints. It is possible, and easy, to play with the batatimeconstraints
since they are only two and thaye antagonistiqone canfind a solution with C1, or with C2, but not
with both). It is sort of a deal : how much do you want of C1, how much are youteaelgaseon C2?
This exampleshows the advantageof adaptivesearchfor over-constrainedCSP. Experimentally, the
adaptive solvefinds good approximatesolutions. Figure 5 showsa resolutionwith n = 30, p = 6, and
zero errors foIC2, sevenfor C1. The Nzakaramake®6 errorson C1 with thesevalues,aswe haveseen
before.
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Figure 5. Light gray shows bad bichords with regard to C1.

Experimentally, we observed that the two sequences with minimal number of errorsshbigure 4 do
not appear witlthe samefrequencyin the adaptivesolverresearchBoth sequencesould have had equal
probabilities, butthis is not the case.The following curverepresentshe frequencyof apparitionof the
Nzakara solution during about 500 successive computations. Theafltiie curveis only 0.32, which
is less than the slope 1/2 of thpperline correspondingo equalprobabilities. This experimentaresult
seems not connected to algorithmic aspects, but may be related to the ftet tvat possiblesequences
havenot the samenumberof circular permutations.Since the degenerated sequencds madeof two
sublists, it appeardwice as much as the Nzakaraone. This showsthat the representatiorwith cost-
functions that we've chosen is unbiased.
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Figure 6. Frequency of the apparition of Nzakara solution during adaptive search.

We have also tried a modelisation in Sicstus Prolog. Since we know there are no solutioesetsary
to find a way to get answeesyway.We needsomepredicatedo definewhatis a bichord (conso/2)and
whatis a transposition(transpo/2).Sincethe Nzakaraalwaysintroducethe samekind of error, we just
need to add transpo(60,70). With this modelisationNfekarasolution is obtainedafter a half an hour
calculation.

2. Ligeti's textures

The secondproblemis the analysisof Ligeti's textures.Given a sequenc®f n aggregatedA; with less
than k notes each, try to find a k voice polyphony denotated as an grsaytiat :

1) each Ais included in the corresponding row; X

2) voices which are not playirgny note from the correspondingaggregatamust stay on the samepitch
Xij = X(i-1)j»

3)Jmelédi2 motions in each voice are limited to the following intervals : -2) €t,1, which meansthat
Xijj - X(i-1)j belongs to the set {-2,-1,0,1}.

This problem is related to many Ligeti's wonkkich are called "pattern-meccanico{Clendinning1993).
The aggregated\; are playedas short motives quickly repeatedn a mechanicafashion,suchasin the
pieceContinuumfor harpsichord. We wilconcentratédnereon a texturetakenfrom the beginningof the
orchestral piec#lelodien In this piece, k has value 1The following graphicalrepresentatiortfigure 7)
displays the notes of the aggregates as black squares, and the anédysis@senlines passingthrough
these notes. The midi codes of the notes are ranging from 66 to 93.



Figure 7. Texture fromMelodienand its ten line analysis (mes. 14 to 30).

This problem is closely related the choralharmonizatiorproblem. The melodic choralline is replaced
by a sequencef aggregatesandthe four part polyphonyis replacedoy a ten line polyphony. But the
constraintsare very similar in the way they formalize restrictionsconcerningthe melodic motions. Of
course, the four parts of the choral polyphony are real parts which are supposed to be sunginuhereas
textureanalysis,the ten line polyphonyis not supposedo be played.It is just an implicit structure
expressingthe logic of the texture. From a constraintprogrammingpoint of view, there is another
importantdifference.The choralharmonizationproblemis known to have many solutions (Dellacherie
1998), so that it takesnot too manytime to computethe first solution. Furthermorejt is possibleto
deal withmusicalabstractobjectssuchas harmonicdegreswhich allow us to divide the searchprocess
into several phaseandto reducethe numberof variablesin eachphase(Pachet2001). On the contrary,
the texture analysis is a critical problem, becaubastvery few solutions,anda lot of variables,aswe
shall see.

Let's first describe the modelisation to get a solution from lidméo(i.d. from row to row in ten voice
polyphonic array). The departureline is supposedto be already completed and will be written
D = (D,...D,y). The arrival line may not be complete and o written A = (A ...A ). The variables

are X,...X,,, they representhe full set of midi valuescorrespondingo the arrival. There are four
constraints :

ci=A X

C2="1,X <X,

c3=if X~ A, then X, =D,

ca=X .{b-2D0-1D,b +1

The last constraint camasily be reducedby a restrictionof the domains.So we take, as domainfor Xi,
Dom ={D, - 2,D, - 1, D,,D, +5. The other constraintsare transformedin cost-functions as

follows.

f(i,X) = k- #{j , [L10], X, " A

Note that this function is independenfrom i. This representsvell the constraint,which concernsthe
whole set of variables. It doesn't disturb the resolution, sinedlfstill be minimized in theglobal cost.

Anyway, we could have chosen to add it not in the costs of each variables but in the global cost.
f,= max(0,1+V,- V)+ max(0,1+V, - V)

j<i i>i
This function counts nothing if;\'s well ordered with regard tojVand thedistancebetweenV; andV; if

not.
fy, =if X, AthenOelsd X, - D, |

Then wehavemany waysto representhe whole problem. The first andsimplestone would be to take
49*10 variables and try to solve a CSP with around 500 variables. To rdgusemberof variables,we
could rely on the fact that we know how many notes are hidden (88ladier). We couldthen write the
constraints only on those variables. Tlsot satisfying, becauset doesn'tallow to verify the process
on every line and for every note. We have chosen an half-way possibility. It is very easy to s€igthe
from one line to another : 10 variables, little domains (size 4 if we reduce O#stsictionof domains).
So we can iteratively solve from line i to line i+1, giving the solution of the |la®a departurefor line
i+1. From a mere CSP point of view, we loose information ddliigy becausef the domainreduction.
But it doesn'tmatter since we don't perform an exhaustivesearch.Adding a maximum number of
iterations to the algorithm, we could decide that a search has failkdeforand backtrackto find another
solution for line i-1. Anyway we don't need to do so becausalt@ithm performswell enough.It also



allows to check the validity of the process for every note in the seenin the casewherethereis no
surprise, if lines i and i+1 have 10 notes, finding a solution means that linestilandrify the iterative
process described above. Experimentahy, calculationtime is very stable,around7 secondon a Mac
G4 in OpenMusic.

A specific algorithmdescribedn (Chemillier 1999) hasprovedthat the analysisof the texturehasonly
six solutions. More precisely,thereare three possibletransitionsfrom A, to Asy, and two possible

transitions from Agto Ag7. The latter corresponds to the followingdi values(wherenotesoutsidethe
A; are marked with parenthesis) :

Ase = ((67) (70) 72 73 75 76 77 80 85 93)
Ag7= (67 70 72 74 (75) 76 77 80 85 93)

Asg = ((67) (70) 72 73 75 76 77 80 85 93)
Ag7= (67 70 72 (73) 74 76 77 80 85 93)

and these two solutions are represented on figure 8 frgytoAlgg.
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Figure 8. Two solutions from Ag to Agzg.

Once again, we observedexperimentallythat the two solutions do not have equal probabilities. The
graphical representatiorshown on figure 9 provesthat the first solution on figure 8 appearsmore
frequently during the adaptive search process.
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Figure 9. Frequency of the apparition of the first solution during adaptive search.
3. Conclusion

We havepresentedwo examplesof musical CSPs.Both of them arenon trivial andlinked to musical
analysis. The first one is interesting because it has no solution (which is ofteaséfier musical CSPs
in Computer Assisted Composition), and thus requires wohedeitherwith somemaodification, or by
an algorithm which deals with approximate solution.



The secondone hasmainly two features: much of the solutionis alreadygiven in the problem itself
(when the line Ais already full), so we just need to chétkandit canbe reducedn someway without
loss of generality,allowing to reducedrastically the problem'scomplexity. A secondfeature of the
problem is that the ten voices tife polyphony are independan{exceptedhe fact that they do not cross
each other). In a certain sense, ipige atonalcounterpoint.Accordingto the harmonyvs. counterpoint
classification, one could say that there is no harmony here. More precisely, ther@pigortunityto use
intermediate variables such as harmonic degres, in order to reduce the complexity of the (aibleem
be done in the classic "choral harmonization problem™).
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